Abstract: Angular momentum dependences of the parity splitting and electric dipole transitions in the alternating parity bands of heavy nuclei have been analyzed. It is shown that these dependences can be treated in a universal way with a single parameter of critical angular momentum, which characterizes phase transition from octupole vibrations to the stable octupole deformation. Using the simple but useful model of axially-symmetric reflection-asymmetric mode, the analytical expression for the parity splitting and electric dipole transitional moment have been obtained. The results obtained are in a good agreement with the experimental data for various isotopes of Ra, Th, U, and Pu.
Introduction
Phase transitions in nuclei attract much attention in recent time as the nucleus provides plentiful amount of examples. Mainly, the phase transitions between spherical, axially deformed, and γ-soft limits of nuclear structure have been analyzed [1] . Recently, the evolution of reflection asymmetric deformation in actinides and rareearth nuclei starts to draw much attention as well. It shows an interesting case of the phase transition occurring with angular momentum. Indeed, as it was shown in [2] , the evolution of the parity splitting in the alternating parity bands in actinides clearly demonstrates the transition between octupole non-deformed phase to the stable octupole deformation. This phenomenon can also be considered as an example of the excited state quantum phase transition [3] .
It is well known that many nuclei in the actinides and rare-earth mass regions are soft with respect to the deformations which violates the spatial reversal symmetry. Experimentally it is revealed by the appearance of the low-lying negative parity states connected by the strong (collective) odd-multipolarity transitions with the members of the ground state band [4] . Since the first observation of low energy negative parity states [5, 6] , an extensive set of experimental data has been accumulated (for the review see [7] ). Note also the recent experimental investigations concerning the reflection-asymmetry in 218,220 Rn and 222,224 Ra [8] , in 240 Pu [9] , in 143 Ba [10] and in 144,146 Ba [11] . In nuclei with strong quadrupole deformation, yrast negative parity states constitute the rotational band 1 − , 3 − , 5 − ... In the case of static reflection-asymmetric deformation, these states together with the members of the ground state band would form the unified band with the negative and positive parity states interleaved each other following the rotational order with equal moment of inertia. However, in most even-even nuclei, at low angular momenta, the negative parity states are shifted up with respect to the positions which they would have in a unified alternating parity band of molecular type. This shift denoted by the parity splitting [12] point out that at low angular momenta nuclei perform the vibrational dynamics in reflection-asymmetric degree of freedom. Indeed, the results of calculations within the shell-corrected liquid drop models [13, 14] and mean-field models [15] [16] [17] [18] [19] [20] show that nuclei in these mass regions, although being soft with respect to the octupole deformation, does not develop strong minimum at non zero values of reflectionasymmetric deformation.
Therefore, we see that although the reflectionasymmetric deformation is not as stable as conventional quadrupole deformation, it is very important for the description of the structure of the excitation spectra. However, with the increase of angular momentum the parity splitting decreases and almost unperturbed alternating parity band is formed. That means that reflectionasymmetric deformation stabilizes. Therefore, with angular momentum, the transition occurs from the reflection symmetric to reflection-asymmetric phase. In [2] it was shown that one can define the crtical angular momentum at which this transition occurs.
Another observable sensitive to the strength of the reflection-asymmetric deformation is the reduced transition probability for the electric dipole transitions between the states of the negative parity and the ground state band. Data on angular momentum dependence of the dipole moment are not as rich as for the energy spectra (for the review, see [4] ). Electric dipole transitional moment increases with angular momentum until some critical value after which it remains almost constant. Such a behavior of the dipole moment is consistent with the idea of the phase transition.
It is interesting to note that in odd-mass nuclei the stabilization of the reflection-asymmetry occur earlier than in even-even neighbours. As shown in [21] , an interplay between the single-particle motion and collective reflection-asymmetric degree of freedom leads to the reduction of the parity splitting.
Theoretical models developed to describe nuclear reflection-asymmetry dynamics depends on what degree of freedom is used. This degree of freedom is related either to the octupole deformation [22, 23] or to the clustering [24] [25] [26] . In the frame of these models it is possible to obtain qualitative and quantitative description of evolution of reflection-asymmetric deformation with mass and charge number, as well as the energies of the lowest negative parity excitations and their decay properties. In the frame of the interacting boson model extended to include dipole and octupole bosons, a nice reproduction of experimental data is obtained [27] . In the cluster approach based on the semi-microscopical dinuclear system model, a satisfactory description of the parity splitting and Eλ transition probabilities in many actinides has been obtained [28] . However, the evolution of reflection-asymmetry is hard to analyze fully microscopically since it requires to perform the calculation up to a large values of angular momentum. An attempt to carry out the calculations in 144 Ba for the lowest positive and negative parity states has been performed in GCM framework with angular momentum, parity and particle number projected HFB wave functions [29] . The same technique has been applied to the description of the lowest states in 224 Ra with the relativistic mean field wave functions [30] .
Despite of these difficulties the analysis of the experimental data shows that the behavior of the parity splitting and transitional dipole moment with angular momentum looks quite universal. In other words, basing on the general ideas about the reflection-asymmetric mode (regardless, octupole or mass-asymmetry) one can propose simple analytical description of the angular momentum dependence of these quantities containing a small number of the parameters having a clear physical meaning. These parameters can be further fitted to the experiment or calculated in the microscopic models. It is the aim of this paper to find such an analytical description of the angular momentum dependence of the main physical characteristics of the alternating parity bands.
2 Description of the model
Hamiltonian and eigenfunctions
Following the discussion in [31] , we assume that the nucleus under consideration has a static quadrupole deformation β 20 and is soft with respect to the axiallysymmetric (K = 0) reflection-asymmetric vibrations. These vibrations can be generated either by the octupole or by the mass asymmetry degree of freedom. In both cases we denote the corresponding dynamical variable by β 30 , although in the case of the mass asymmetry degree of freedom, the contribution of the higher order odd multipolarity modes is effectively included. The intrinsic Hamiltonian describing collective motion in β 30 for a given angular momentum I can be written as
where B is the effective mass. The potential energy V I is an even function of β 30 . The numerical diagonalization of the Hamiltonian (1) with different variants of the potential V I has shown [24, 32] that with a good accuracy the lowest eigenstate of positive parity can be approximated as a superposition of two Gaussians of width /(Bω(I)) centered at
Above, ω(I) is, in principle, a function of the angular momentum which is determined further. The convenience of the ansatz (2) for the positive parity wave functions is related to the fact that both, the limit of octupole vibrations and the limit of stable octupole deformation are described equally well by this ansatz [31] . One can introduce the parameter
which gives the ratio of a distance between the centers of the Gaussians to the sum of their widths. If ξ ≪ 1, the overlap of the components in (2) is large and the wave function Ψ 
where
is the excitation energy of the lowest state with an angular momentum I and the positive parity. In this paper we are interested in the calculation of the parity splitting which is determined as a difference between the energies of the negative parity E states having the same angular momentum I. Since, due to the K = 0 selection rules, there exists only one physical ecxited state for a given I (positive parity for even I and negative parity for odd I), an experimental parity splitting can be determined as a difference between the experimental excitation energy for one parity and the energy obtained by interpolation between the energies of the neighboring states of the opposite parity (see [12] or Eq. (34) of the present paper). Thus, E (+) I ( β 20 ) never enters the final results and we can set it equal to zero. Note, however, that as discussed in Sect. (3.2) , this can only be done for the well-deformed nuclei.
The ansatz (2) for the wave function Ψ (+)
I (β 30 ) yields the following expression for the potential energy of the axially-symmetric reflection-asymmetric mode determined up to I-dependent constant
The potential (5) is used for the numerical diagonalization of H I and for the calculation of the parity splitting as a function of angular momentum. Using the dimensionless variable x = β 30 /β m (I) and the parameter ξ defined in Eq. (3), one can rewrite the Hamiltonian H I and the potential energy V I in a convenient form
From Eq. (6) it follows that the parity splitting can be parametrized as
where f (ξ I ) is the energy of the first-excited state of the Hamiltonian h(ξ) (the ground state energy of this Hamiltonian is zero). All nucleus specific information is contained in the dependence of ξ I on angular momentum and enters the Hamiltonian h ξ and the function f (ξ I ) implicitly. Due to its universal character, it make sense to find an approximate analytical expression for f (ξ I ).
For small values of angular momentum (ξ ≪ 1), the potential energy v ξ (x) reduces to that of an oscillator
The energy of the first excited state is then given by the frequency of an oscillator and we have
For large values of angular momentum (ξ ≫ 1), v ξ (x) has a form of two oscillators separated by a large barrier
ξ ≫ 1.
The value of the energy interval between the two lowest levels of the double well potential for large barrier is given as [35] 
Both limits, (9) and (11), are reproduced by one general expression
where the value of the parameter α has been obtained by fitting the numerical results for the f (ξ). The results obtained by numerical diagonalization of the Hamiltonian and those given by (12) are presented in Fig. 1 . In the limiting cases of very small and very large ξ difference between the approximate and exact values of f is negligible and vanishes asymptotically. The maximum deviation reaches about 2% at ξ ≈ 2.
It is worth to note, that for the actual description of the experimental data, one can set α = 0, which yields simpler expression for the parity splitting as
Since in the region of ξ ≫ 1, the values of parity splitting are small and are influenced by many effects which are not included in the model (as for example, band crossing), we can neglect the deviations of (13) from (12) at large values of ξ and use the expression (13).
Dipole transitions
In addition to the appearance of the low-lying negative parity states, a common property of nuclei exhibiting strong reflection-asymmetric correlations is the large values of the electric dipole transition probabilities [4] . While the absolute values of dipole moment for the transitions between negative-and positive-parity states depend on nucleus, its angular momentum dependence can be described, as it is shown below, by the universal function, similar to the situation with the parity splitting. In the case of the well-deformed axially-symmetric nuclei, the operator of the collective electric dipole moment can be written in the intrinsic system as
where C is the dipole polarizability determined by the asymmetry between neutron and proton densities [4] . In the macroscopic liquid drop model, for example, we have
where C LD = 0.0007 fm [38] . Therefore, we see that the angular momentum dependence of the transitional dipole moment is determined by the matrix element i||β 30 ||f , where vectors |i and |f denote the initial and final states, respectively. The lowest negative parity eigenfunction of the Hamiltonian (1) can be found numerically by the solution of the Schrödinger equation with potential (5). However, having the aim to get the result in the analytical form we supplemented the ansatz (2) for the positive parity ground state wave function by the expression for the lowest negative parity wave function as
This form is confirmed by the numerical calculation. Note, that previously, in [31] , the methods based on supersymmetric quantum mechanics have been used. Here, we use simpler way to reach an approximate expression for the parity splitting. Using the expression for the parameter ξ and a dimensionless variable x, the wave functions Ψ (±) (x) can be rewritten as
Using the ansatz (17) for the intrinsic wave functions of the positive and negative parity members of the alternating parity bands we can find an analytical expression for the angular momentum dependence of the matrix element of β 30 , namely
The last expression can be simplified if we assumed that approximately ξ i ≈ ξ f = ξ. Then
From Eq. (19) we see, that in the vibrational limit of the octupole motion (ξ ≪ 1), we have
For large values of ξ, the dipole moment is an increasing function of ξ. This increase is almost linear for ξ > 1
The angular momentum dependence of the dipole reduced transition probability has the form
where ξ = ξ i ξ f .
Results of calculations
From Eq. (7) it follows, that the angular momentum dependence of the parity splitting is determined by the function f [ξ(I)]. All information on the nucleus is contained in actual dependence of ξ on angular momentum, while the function f
Our calculations have shown that with sufficiently good accuracy the angular momentum dependence of ω I and ξ I can be fitted as
This parametrization contains very small number of parameters. If we use this parametrization of the potential, we can see that the value of the frequency ω is immediately determined by the value of the parity splitting at zero angular momentum, ∆E exp (0). Indeed, if I = 0 then ξ(0) = 0 and V I (β 30 ) reduces to the oscillator potential. Interval between the ground state and first excited state is then given by the frequency ω. Therefore, we obtain that ω = ∆E exp (0). The function f [ξ(I)] is a universal function of ξ and thus depends only on the parameter c defined in Eq. (23) . Moreover, if we use the results of [2] , we can connect the value of c to the value of the critical angular momentum I crit , at which the phase transition from the octupole nondeformed to the octupole deformed shape takes place, namely
Finally, we obtain
The choice of angular momentum dependence of ξ, given by (23), can be qualitatively justified in the following way. At low angular momentum (I < I crit ), we can consider the alternating parity band as formed of two distinct bands consisting of even-parity and odd-parity states, respectively. Defining the moments of inertia of positive-(negative-) parity bands as ℑ e (ℑ o ), the parity splitting can be obtained as
whereĨ
At low I, we have for the moment of inertia of the positive parity states ℑ e (I) ≈ ℑ(β 30 = 0). The moment of inertia of the negative parity state ℑ o (I) is a weakly depending function of the angular momentum [33] . Comparing (26) with the approximated expression obtained using (9), we obtain
Since ℑ o and, therefore,Ĩ are weakly depending functions of I, the expression (28) is in agreement with the approximation (23).
At the limit of large angular momenta (I ≫ I crit ) the nucleus approaches the static octupole deformation and the assumption of two separate rotational bands for positive-and negative-parity states is not valid anymore. In this limit nuclear potential energy surface as a function of β 30 has two pronounced minima separated by the barrier [see Eq. (10)]. The parity splitting can then be determined as [35] 
where V B is the barrier between the right and left octupole minima. This barrier arises due to the fact that the nuclear moment of inertia increases with β 30 . Since it is assumed that at I = 0 the potential has a form of an oscillator [i.e. V B (I = 0) = 0], the barrier height can be determined as the difference between the rotational energies associated with change in the moment of inertia with β 30
At large angular momentum the moment of inertia of negative and positive parity states are both close to the value at the minimum of the potential, i.e. ℑ(β 30 = β m ) ≈ ℑ o . Therefore, we have
Comparing the expression (29) with the barrier height in the form (31) with the expression (11) we obtain ∆E(0) = ω, ωξ 2 (I) = 2 I(I + 1)
where the constancy of ω is again taken into account. SinceĨ is a weakly depending function of I, the assumption (23) is approximately valid in both limits of small and large angular momomenta. With the help of (23), (24) and (28), the critical value of the angular momenta can be related to the change in the rotational energy caused by the mass asymmetric deformation dependence of the moment of inertia
where γ is a constant close to unity. In this expression, the moment of inertia of the positive parity states should be calculated at small angular momenta, namely ℑ e = ℑ e (I = 2), while the moment of inertia of the negative parity states should be taken in the vicinity of the critical angular momentum ℑ e = ℑ e (I = I crit ). The calculation of the parity splitting is performed with use of the expression (25) with the function f in the form (12) . The experimental values of the parity splitting ∆E(I) are determined using the experimental energies E exp (I) of the lowest negative parity states and the positive parity states of the ground state band [34] . The quantity ∆E(I) is determined as a difference between the energies of the negative-and the positiveparity states with the same spin I. However, as it is described above, since at every value of I there exist only one state with the fixed parity π = (−1)
I , the energy of the state of the opposite parity but with the same I can be determined only by interpolation using the energies of the states neighboring to I. This interpolation should account for the angular momentum dependence of the excitation energy in the vicinity of I. Since in the model it is assumed that nuclei have a stable quadrupole deformation, the rotational law can be used, which leads to the following interpolation [39] 
and the parity splitting is given by
Alternative expression for the parity splitting is given in [36] . Both definitions produce almost identical numerical results for the parity splitting. (25) with use of the approximation (12) . The values of the parameters Icrit and ∆E(0) are given in Table 1 . (25) with use of the approximation (12) . The values of the parameters Icrit and ∆E(0) are given in Table 1 . (25) with use of the approximation (12) . The values of the parameters Icrit and ∆E(0) are given in Table 1 .
Since the experimental value of the parity splitting at I = 0 is not available, the value ∆E(0) is fixed to reproduce experimental data for ∆E exp (1). The critical angular momentum I crit is fitted to give best overall description of the parity splitting in the range of angular momenta 0 ≤ I ≤ 20. The reason why the larger values of the angular momenta is not considered is related to the possible appearance of the band crossing at higher values of I. The calculations performed for the deformed isotopes of Ra, Th, U, and Pu are presented on Figs. 2-5 together with the experimental data from [34] . The obtained values of the critical momenta I crit are presented in the Table 1 . Table 1 .
The values of the parameters ∆E(0) (keV) and c used to describe the parity splitting in the alternating parity bands of various actinide are presented. Additionally, the last column contains the values of critical angular momenta Icrit characterizing the phase transition from octupole vibrations to the stable octupole deformation. We see a good overall agreement with experiment for all considered nuclei. There are discrepancies in behaviour of the calculated and experimental dependencies of parity splitting which can be sorted in two "groups". The discrepancies of the first group are related to the fact that the experimental parity splitting can take negative values, while the calculated one approaches zero staying positive. Among considered nuclei, this is the case for 222,224,226 Ra and 224,226 Th. Such a behaviour of the parity splitting results from the coupling of the axiallysymmetric octupole mode to the other modes which are not included into the model. For example, all nuclei in the considered mass region have a negative parity band with K = 1 [9] . This band can be interpreted as built on the excitation of non-axially symmetric octupole mode [33] . The Coriolis coupling of this band with the negative parity states of the alternating parity band shifts the latter down in energy. Since there is no ∆K = 1 partner band for the states of the positive parity, this perturbation will decrease the parity splitting and, if unperturbed parity splitting is close to zero, will shift it to the negative values.
The effect of Coriolis coupling with the non-axially symmetric modes can only be seen in nuclei with not too large critical angular momenta. Indeed, the parity splitting adopt negative values only for 222,224,226 Ra, whose critical angular momenta I crit are 2.81, 3.37, and 4.70, respectively and for 224,226 Th (I crit =2.86, 4.88) . If critical angular momentum is large, this effect is hidden by the discrepancies of the second group. The second group combines the nuclei with large critical angular momenta, such as heavy Th isotopes and most of the considered U, and Pu isotopes (see Fig. 3-5 ). For these nuclei, we see that the calculated parity splitting for I > I crit demostrates steeper incline than the experimental one. These discrepancies can be related to the centrifugal stretching. Indeed, from Eq. (32) it follows that the linear dipendence of ξ(I) given by (23) can only be assumed if the reduced moment of inertia does not depends on angular momentum. This is, obviously, rather crude approximation for large values of I. To improve the agreement with experiment at large values of I, we can assume
instead of (23) . As an example, the effect of this additional term is demonstrated by the dashed line in Fig. 4 for 230,232,236,238 U, whose alternating parity bands are long enough to account for the additional term in angular momentum dependence of ξ. As we see, by adding the parameter d, agreement between the calculated and expeirmental parity splittings at large angular momenta is improved. However, to keep the model simple, we avoid introduction of an additional parameter d.
Using the obtained values of the critical angular momenta I crit , one can calculate the angular momentum dependence of the electric dipole transitional moment. In Fig. 6 , the results for the 240 Pu are presented. The calculated values are compared with the experimental data on dipole moment obtained in [40] . In order to get the values of D 0 from the experimental data, we have assumed the stable quadrupole deformation and an axial shape of considered nuclei. (22) and (37) . The value of the critical angular momentum is given in Table 1 . (22) and (37) . The value of the critical angular momentum is given in Table 1 .
The dipole moment is obtained from the reduced transition probabilities using the expression [4] 
As it follows from (22) , the absolute value of D 0 requires for its definition the experimental data on B(E1, 0 + → 1 − ). If these data are not available, the initial value of dipole-to-quadrupole moment is fitted to reproduce the lowest experimentally available value of D 0 /Q. As it is seen from the results presented in Fig. 6 , the calculation performed using Eq. (22) and the critical angular momentum obtained from the fit of the parity splitting reproduces well the angular momentum dependence of the dipole transition probabilities along the alternating parity band.
Another example is presented in Fig. 7 for the reduced matrix elements of the E1 transitions in 226 Ra. The experimental data are taken from [41] . Unlike 240 Pu which remains reflection symmetric until large angular momenta (I crit = 12.1), the 226 Ra has almost stable reflection-asymmetric deformation very close to the ground state (I crit = 4.7). As we see in both cases of small and large values of I crit the calculation with use of Eq. (22) agree well with the experimental data.
Conclusion
A simple model proposed for the description of the spectroscopic information on the alternating parity bands in actinides. The model is based on the assumption that the yrast negative parity states of quadrupoledeformed nuclei are related to the excitation of an axially-symmetric octupole mode. It is shown that the octupole deformation stabilizes with increase of angular momentum, i.e., the phase transition occurs from octupole vibrations to the stable octupole deformation. This is caused by the dependence of the moment of inertia on the octupole deformation. As the moment of inertia increases with octupole deformation, its value is larger at the minimum of the potential than at the barrier height. As a result a depth of the deformation minimum increases with increase of angular momentum. For 222−228 Ra, 224−234 Th, 230−240 U, and 238−244 Pu, the critical angular momenta I crit characterizing the phase transition to the reflection-asymmetric shape are calculated. Relation of I crit to the spectroscopic properties (such as the energies of the lowest I π = 1 − states and the moments of inertia of the positive parity and negative parity bands) is obtained.
Basing on this model the approximate analytical expressions for the angular momentum dependence of the parity splitting (13) and the electric dipole transitional moment (22) are obtained. These analytical expressions contain a small number of the parameters with the clear physical meaning, namely, the frequency of the axiallysymmetric octupole vibrations at zero angular momentum ω and the critical angular momentum I crit . These parameters can be fitted according to the experimental data or calculated using a microscopical model. We note that the same values of the parameters ω and I crit which are determined to get a good agreement with the experimental data on parity splitting provide a good description of data on electric dipole transitional moment. The results obtained are illustrated by the calculations for different actinides and compared with the experimental data.
